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1 Introduction 

Historically, the Dirac operator was put forward as a result of making the 
Schrodinger equation in quantum mechanics compatible with the special theory 
of relativity. In modern physical theories, matter at very small distances, or 
equivalenty, very high-energies, is made of elementary particles whose interac- 
tions are the four fundamental forces in nature: gravity, electromagnetic theory, 
weak-nuclear force and strong-nuclear force. 

Locally the four-dimensional space-time is Minkowskian and physical states 
are invariant under rotations (Lorentz transformations ) and translations. The 
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physical states fall into representations of the Poincarc algebra. Particles will 
be characterized by their mass and spin. Matter particles have spins and ^ 
obeying respectively Klein-Gordon and Dirac equations. Particles with spin-1 
are the mediators of gauge interactions, e.g. photons mediate the electromag- 
netic interactions between electrons while all particles exchange gravitons for 
the gravitational interactions. 

The general plan is to first study representations of the Poincare algebra and 
place particles in these representations, and to form physical states obeying these 
symmetries and write Lorentz-invariant interactions. The Poincare algebra is 
then generalized to the supersymmetry algebra. We find representations of 
the supersymmetry algebra and construct interactions invariant under this new 
symmetry. For more details the reader may consult the following references [1] , 
[2] , [3] , [4], [5] , [6] , [7] , [8] . 

2 Poincare group 

Einstein's special theory of relativity states the equivalence of certain inertial 
frames of reference. The coordinates in an inertial frame satisfy 

where a;^ and x'^ are the coordinates of the physical states in different frames 
and rj^i, = diag {1, —1, —1, —1) is the Minkowski metric. The transformations 
x^ — > x'^ = + A^j^x'^ keeps the distance invariant provided that 

A^,V^,A\ = v.x. (1) 

Taking the determinant on both sides gives (detA)-" = 1 or detA = ±1. In 
particular A^Qr]ooA^Q + A^^ijij A-'f^ = rjoo, or (A°g) = 1+ (A'g) . This implies that 
A^Q > 1, or A"q < — 1 and transformations are divided into four categories. The 
entire set of A comprises the homogeneous Lorentz group. The orthocronous 
Lorentz transformations are charecterised by the condition A'q > 1 so that every 
positive time-like vector transforms into positive time-like vector. If det A = 
1 then this gives a group of restricted homogeneous Lorentz-transformations. 
These are the only ones that could be obtained by a continuous transformation 
of the identity. This is because it is not possible to continously transform states 
with detA > to states with detA < 0, or states with A°o > 1 to states 
with A'o < —1. Therefore these states correspond to an 50(3,1) group. The 
translations form a seperate group, an abelian one, defined as T (4) . We 
write 

x' = Ax + a = g {a, A) x, 

x" = A'x + a' ^ A' {Ax + a) + a' = A' Ax + (A'a + a') . 
But x" = g {a', A') x' = g {a', A') g {a, A) x = g (a", A") x, which implies 
gia',A')g{a,A)=g{A'a + a',A'A). 
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The subgroup 5*0(3, 1) is defined by g (0, A') g (0, A) = g (0, A'A) and the abehan 
subgroup by g {a', 1) g (a, 1) = g {a + a', 1) . The inverse transformation is 
determined by the two conditions A'a + a' = 0, and A'A = 1 which implies 

g-'{a,A)=g{-A-'a,A-'). 

3 Poincare Lie algebra 

We write A^^, = + (^l, where is infinitesimal. This equation implies that 
Cuv = 'nnxC\' = "Cju is antisymmetric. Assume is infinitesimal then we 
need four essential parameters for translation and six essential parameters for 
rotations 

Uia,A) = l + i6a>'P^-'-C''J^,. 

The commutation relations of the Lie algebra can be obtained via the usual 
basis of scalar functions 

U{a, A),f{x) = f {U-^ (a, A) x) = / {A'' {x - a)) . 

By going to the infinitesimal limit we get 



This implies that 



These generators obey the Lie algegra 

[P^,P.]=^, 

[Jixv, P\] = i {VvxPfj. - r]^\Py) , 

^Juv-) J p(7\ ~ ^ (jlfipJua V^'P'^fJ'Cr VfJ-cr^vp Vi'crJup) • 

By exponntiating, a general finite transformation is expressible in the form 
C/(a,A) = cxp (z(5a^P^ — IC*^ J^i^). The Casimir invariants (operators that 
commute with the generators of the Lie algebra) are = P'^rjij^^P" and W"^ = 
W^'-q^^W where = -^ef.^p^P" JP" . One can easily verify that 

[p^p^]=o, [p2,v]=o, 

[W^,P^]=0, [w^,j^,]=o. 
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If ^ we can use the spin pseudo- vector 5^ = -^^W^. The Casimir 

eigenvalues of and W"^ (or j (j + 1) associated with S'^) are used to specify 
irreducible representations: 

Pu. \P, j, A) = b' J' ' 
VF^ \p,j,X) = W^j) \p,j,X), 
Wo\p,j,X) = Wo{j) \p,j,X). 

There are four distinct cases, i) > 0, ii) P^ = 0, iii) P^ < 0, iv) P^ = 0. 
If P^ 7^ then we can take Pi = P2 = 0. The little group leaving this choice 
invariant contains J3 = J12, so we can associate A with integer or i-integcr 
eigenvalues of J3 : 

-''3 \p,j,X) = X\p,j,X) , 

so that A is always discrete. 

If P^ = > we choose the rest frame 

P^ = ±(m, 0,0,0), 

= ±m (0, 7) , Jij = eijkJ'', 

5^ = ±(0, j) . 

The little group is 0(3) generated by [Jj, Jj] = CijkJ^ and is described by the 
state vectors ^ 

|j,A), X = -j,---,j, i = 0, • 

where W'^ = —rn^jij + !)■ 

If P^ = 0, we can take P^ = (u>, 0, 0, w), and VF^ = u>( J3, Li, ^2, J3) where 
Li — Ji + K2, L2 = J2 — Ki and Jq^ = i^oi, * = Ij 2, 3. The generators Li L2 
and J3 satisfy the commutation relations 

[Li, ^2] = 0, [J3, ii] = -iL2, [J3, ^2] = -ill. 

The relations p2 = 0, = q and P^W^ = imply that P** and W^'' are 
parallel vectors and therefore we can write 

= AP'^, 

where A is the helicity. This implies that W"^ = —w'^L'^ and unitary representa- 
tions are labelled by \l,X) . 

For the Lorentz group we can write 

AT, = 1(J, + iKi), Nj = l(Ji - iKi), 

where these generators satisfy the commutation relations 



Ni,N} 



0, 

[Ni,Nj] ^ieijkN\ 



nIn] 
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The Casimir operators are given, in terms of the generators Ni and Nj , by NiNi 
and N^N^ with eigenvalues n(n+ 1) and m(m+ 1) respectively. The iVj and 
obey independently Lie algebras of SU{2). We can label representations with 
{m,n) where rn.n = 0, arc the separate SU{2) munbers. The two 

>SJ7(2)'s are not independent. The spin representation are given by to + n. As 
examples we have: 

• (0, 0) is spin zero and is the scalar representation. 

• (5,0) or (0, ^) is the spin-i representation for Weyl spinors, while Dirac 
spinors are represented by (5,0)® (0, 5). 

• ^) = 0) (g) (0, ^) is the spin-1 representation. 

We represent (^,0) and (0, 5) by two-component complex spinors Va and 
'ip" which transform under Lorentz transformation as 

c = M„%, r = (M*-^);/ 

This can be denoted by V — * Mijj and V ~* {^^) ^ V'- We identify generators 
Ji with IcTj and Ki with — ItTj. We can therefore write 

We also introduce the 2x2 matrices (c^)^^ defined by (c^^)^^ = h, the identity 
matrix and fcr*) ;, = —as are the Pauli matrices. The matrix P is defined 
hy P = (cr^) and transforms under Lorentz transformations according to 
P' = MPM'^ or equivalently P^a^ P^Ma'^M''. We also define 

07 

These satisfy the properties 

Ka^ + a'^a^)j' = 2r7^''(5f, 

^ 'a 'a 

From these matrices we can construct representations of the Lorentz algebra. 
They are given by 

a ^ ^ ct 

A Dirac spinor takes the form 
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and the Dirac gamma matrices are defined by 

which satisfy the anticommutation relations {j^tj"} = 2rj^^'^l4. This defines 
a Clifford algebra. The representation of the Lorentz algebra in terms of the 
gamma matrices is given by 

Let Ai = exp {-^(,,^3'"') then A7^7^Ai = A^ ^7'" where A^ ^ ^ + „■ 

These properties will be used in the next section when we derive the Dirac 
equation. 

4 Dynamical equations for free and interacting 
fields 

4.1 Spin-0 : Klein-Gordon field 

The Hamiltonian in relativistic dynamics has eigenvalues E which can be de- 
termined from the relation P^P^ = rn? . This relation implies that Pg = 
P .P + = E"^, where we have set the velocity of light c to 1. Using the 
quantum mechanical correspondence P/j, = j-^j: and setting h= 1) and acting 
with the operator (P^^P'* — m^) on the scalar field (f) gives 

which is the Klein-Gordon equation. This equation could be derived from a 
varriational principle using the action 

Io = J d^xL =^Jd'^x {r]'"'df,(t>d^(p - m^cjP) . 

The Euler-Lagrange equation obtained by demanding that 51 = 0, with the field 
(j) vanishing at the boundary, is given by 

Sep \Sd,<j>J ' 
and this implies the Klein-Gordon equation. 

4.2 Spin-i : Dirac field 

The Schrodinger equation is non-relativistic and is linear in time-derivatives but 
quadratic in space-derivatives 
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The relativistic equation should be Unear in time and one must find a first order 
differential equation of the form 

.,d%l} he , dip ^ , 

where a' and /3 are 4x4 matrices. The square of this equation should yield 
an equation of the Klein-Gordon type. This is possible if a* and f3 satisfy the 
proporties 

a'a^ + a>a' = 26'^, 0^ = 1, a' (3 + (3a' = 0. 
Multiplying both sides of the equation by (3 and defining 7° = /?, 7* = /Ja* gives 

{il^d^, - m) V' = 0. 

The matrices 7*^ satisfy the anticommutation relations {7'^,7''} = 27]^^" and can 
be identified with the gamma matrices defined in the previous section. This is 
the Dirac equation. One can easily verify that it is Lorentz covariant 

{i-fi'd^ -m)ij;^ {i-f^A-^^d^ - m) Ai V {A'^x) 

= Ai A7^ {i-i^'K-^"d^ - m) Aiip (A'^x) 
= Ai {i'y'^di, - m) V (A"^a;) , 

where we have used the property A7^7^Ai = A'',,7'' derived in the last section. 

2 2 

The action 

j d'^xip{x) {i'y'^d^ — m)tp{x), 

is Lorentz invariant because tp ^Aj^. In the special case when to = 0, the 

2 

Dirac equation simplifies to 



ia'^a^ \( 



0, 



and this splits into two independent equations, one for the left-handed compo- 
nent ipL and the other for the right handed component ipR 

iaf'd^ipL = 0, iaf'd^ipR = 0. 
4.3 Spin-1: Maxwell field 

We are interested in massless vectors, in particular, the photon which obeys 
Maxwell's equations 

^ dB 
W-E=p, WxE = - — , 

V ■ B = 0, V X B = — + J. 

at 



8 



The second and fourth equations are solved by 

£=-VA0-^, B = VxA, 
at 

and are invariant under the gauge transformations 

^ ^ — > OA 
A'=A-VA, A'o^Ao + -^. 

Therefore one can impose a gauge choice, the Lorentz gauge, on the potential 
A and Aq 

In this gauge, Maxwell equations simplify to 

V^^d^d^A" = -p, ^"""9^8^ A = J , 

which is a standard wave equation with a source. Maxwell equations could be 
written in a Lorentz covariant manner if we define the curvature 

— d^A^ — diiA^ 

so that 

d^F"" = r. 

We can replace the definition of F^v by the requirement 

dpF^, + d^F^p + d^Fp^ = 0, 

which, locally, can be solved by the above equation defining A^. The curvature 
Ff^„ is invariant under the gauge transformations = Ap, + dpA. Maxwell 
equations could be obtained from the action 



h= j d^x (^-^Fp^Fp^r^'^Pr,'"' + ApJ^ ) ■ 

According to Noether's theorem, there is a conserved charged associated to 
every symmetry of the action. The symmetry in this case gives electric charge 
conservation. To find the interactions of electrons with photons, we note that the 
action for electrons Ii is invariant under the global symmetry ip{x) e~'^^^tp{x) 
where A is a constant phase. This global symmetry is lost if the symmetry is 
promoted to a local symmetry by allowing A to depend on a;. In this case 

ip{x)ij^dpip{x) i;{x)i^^dpip{x) + edpAiij{x)'y^ip{x). 

To restore the symmetry, we add to the Dirac-action, the photon-electron inter- 
action term 

-e / d*x'^{x)-f^'^{x)Ap, 
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which transforms under the local symmetry according to 

-eiij{x)j^tp{x)A^ -eij{x)'y^'il){x)A^ - ed^iAip{x)j^tp{x). 

We deduce that the action for the spin-i , spin-1 system governing the interaction 
of photons and electrons and invariant under the local gauge transformations 

tp{x) e^^'^^^{x) and ^ + 9^A, is given by 



= j d'x (- Ji^^.F"- + i^{x) {i^D^ 



m) tjj{x] 



where = + ieA^. Therefore, interaction terms are obtained by replacing 

ordinary derivatives 9^ in the free Dirac action by covariant derivatives D^. 
These covariant derivatives satisfy the commutation relations 

4.4 Spin- 1 : Rarita-Schwinger field 

The field that describes a spin-| particle is a vector-spinor '^^q, where is a 
space-time vector index and a is a spinor index. The free field satisfies the 
Rarita-Schwinger equation 

where tp^u = df^ipi, - dui^fi, and 

is complcitely antisymmetric in the indices jdvp. The product of spin-1 and spin-i 
representations gives spin-| and spin-i representations 

It will be seen that the Rarita-Schwinger equation is necessary to eliminate the 
spin-i component from 

4.5 Spin-2 : Gravitational field 

The masslcss spin-2 field is the graviton which is a symmetric traceless tensor 
h^i, with gauge invariance 

To see that this is none other than the linearized form of the metric tensor of the 
underlying space-time manifold, let us assume that we would like to promote 
the global Lorentz invariance of spinors to a local one: 

Jpa {x) exp Qa"* (x) -fab) # {x) , 
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where jab = \ (7^7^ — 7''7°) . To restore the invariance of the Dirac equation 
under local Lorentz transformations, and in analogy with the electromagnetic 
case, we introduce the covariant derivative 

The term i/;(a;) (i7T>^ — m) ^^{x) becomes invariant provided that 
The curvature tensor is defined by 

which can be easily evaluated to be 

and is covariant under local Lorentz transformations. To make contact with the 
Riemann curvature tensor, we introduce the soldering form satisfying 

where T^^ = ^gP" {g^a,u + 9ua,^^ - 9^iu,a) is the Christoffel connection and = 
el^rjabat- This equation implies that the covariant derivative of the metric under 
coordinate transformations vanishes. The constraint equation can be solved for 
w^"^ in terms of e°. Substituting the solution into R^,,'^^ (w) one can show that 

is identical to the Riemann tensor as a function of the metric g. 

Equivalently, we can introduce gauge fields corresponding to both the Lorentz 
generators Jab and translations Pa 

D^=d^+u;^^Jab + elPa, 

then the curvature is 

[Dfi, Dv] = R^v'^^Jab + T^vPa, 

where R^,,"^ is the same as before while 

By setting the torsion T^^to zero we can uniquely solve for w^"'' in terms of e° 
and substitute this expression into to obtain the Riemann tensor. 



11 



This last formulation is related to the Cartan structure equations 

T» = rfe" + u"^ A 66, 
R'^b = duj"^ + oj"" A u^K 

By writing e" = e'^^dx'', uj"^ = ujfdx^", R"'' = \R^Ydx^' A dx" and T° 
^T^^dx'^ A dx" we can recover all the previous formulas. 
The Einstein- Hilbert action is given by 



/2 = -|rf*a;|eKV' 



where e = det (e°) . The dynamical equations governing the interaction of elec- 
trons and photons with gravity can be read from the equation 

- m] ip 



- j d'xe (^-F^uFp^g^^Pg^^ + Je^e^^ V"') ' 

4.6 The standard model 

The principle of gauge invariance plays a fundamental role in physics. The 
Poincarc symmetry is a space-time symmetry effecting local space-time coordi- 
nates. On the other hand the known elementary particles in nature, fall into 
group representations, e.g. fermions have the local gauge invariance under the 
transformations V'a/ {^e'^9a'^''{x)T''^ ^ where (T"*)^ are the representations 
of the gauge group. As in the Maxwell case, connections are introduced to insure 
local gauge invariance. Let 

D = d + igA, A = A^^T^dx", 

so that the curvature of the connection A will be given by 

F = ^F^^T"■dx^' A dx", 



so that 

F'^, = d^At-d,Al+gr'''AlAt, 

where [T",r^] = ip^'=T'=. Let us denote the quarks by g = j , 1*^, dn 

which arc in the representations (3, 2, — , (3, 1, — |) and (3, 1, |) of SU{3)c 



X 



S'J7(2)^ X C/(l)y. The leptons are denoted by Z = ( ) , e+ which are in the 
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(1, 2, 1) and (1, 1, 2) of SU{3)c x SU{2)yj x U{1)y.. The Lagrangian that govern 
all known interactions is given by 

+ iq^^ [d, + ic.;^,, - ^52A>" - '-g,B, - '-9sV;X'^ q 
+ idnr (d^ + |<'7a6 + ^QiB^ - y^V^X"^ cIr 
+ iuR^ (d^ + l^^'lab - j9iB^ - ^53V;A^) ur 

+ (^M + J<'7a6 - |52A«C7« + '-g^B^ I 

+ iefi7^ [d^ + ^w^'Sab + igiB^ br 

+ [k'^qHdR + k'^qr^HuR + k^lHcR + h.c) , 

where the Higgs field H is in the (1, 2, 1) representation so that D^j^H — df^H ~ 
1.92^5^0'" — ^SiB/j^H and V^, A'^ and are the gauge fields for the gauge Lie 
algebras S';7(3)c, SU{2)^ and J7(l)y. The k'^, A:" and k"" are 3 x 3 matrices 
mixing the three generations of particles. Minimizing the potential of the Higgs 
fields H gives a vacuum 




which generates masses for the quarks and leptons, e.g. the leptons will acquire 
the term 

kHHcR ~ k'^veLCR. 
Similarly the term D^H^ D'^ H will yield the mass terms 

where = {A^ ± iAl) , = {g^Al - g,B^) and sin^ ^ = 

The symmetry of the Lagrangian is diffeomorphismx local internal symmetry. 
All fermions are chiral (Weyl fermions) and acquire mass only after the symme- 
try is broken spontaneously from SU{3)c x SU{2)w x U{1)y to SU{3)c x C/(l)em- 
At the quantum level chiral fermions break gauge invariance. The chirality con- 
dition is 75f/'± = i'^/'i where 75 = i7o7i7273 so that 7I = 1. A Dirac spinor 
is decomposed according to ip = + ''P-- The eigenvalue equation Dt(; = Xtp 
implies 75-DV± = TXDip± so that the eigenvalue problem could not be set for 
chiral fermions alone without their partners except for zero eigevalues. After 



13 



quantization one must sum over all states which would involve computing the 
determinat 



J DipDxpe^^'l' det D, 



and this involve the step of taking the trace over all states, which must now be 
restricted to the chiral ones 

(V^„_|i?|V7„+). 

This is not invariant under the chiral rotation e^^^^tpn+. To see this 

explicitely we have 

Tr{F{D)) = ^ {^Pn-\F{D) - ^ (e-'«"^>„_ | FiD) |e*^''^>„+ 

n n 

Since F{D) depends only on geometrical quantities, one can use the heat kernel 
expansion to find the lowest terms 

Tr{F{D)) ^ 2irTr {-f^T^-i^" fI^T^Y" P-p^T") 
= 2ie''e'"""'Fl^F'=p„Tr (T" {T^ T")) . 

We deduce that gauge invariancc is not destroyed by chirality if 

Tr (T" {T^T'=}) = 0. 

If we include gravitational terms then the lowest order term is 

which vanishes if 

Tr (T") = 0, 

insuring the absence of gravitational anomalies. Both conditions on the repre- 
sentations of the chiral fermions in the standared model are satisfied. These are 
very strong constraints on possible representations of the fermions in a realistic 
model and lead to the conclusion that these are not satisfied by accident but 
are derivable from higher principles. One such explanation is unification where 
the chiral fermionic representations 

3, 2, -0 e (3, 1, 1^ ® (3, 1, ® (1, 2, 1) e (1, 1, 2) 

could be obtained from the 5 ® 10 representations of SU{5) to be broken spon- 
taneously into two stages 

5C/(5) ^ SUi3)c X 5(7(2)^ x U{1)y ^ SU{3)c x U{l)em- 

This is not the unique possibility but the simplest. 
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5 Supersymmetry 



In nature there are particles of different spins, in particular integral and half- 
integral spins. In the ultimate theory there must be a symmetry that places 
particles with different spin in the same multiplet. Until 1974 all internal sym- 
metries were studied and there was a theorem by Coleman and Mandula stating 
that, under certain physical assumptions, it is impossible to have a space-time 
symmetry larger than the Poincarc symmetry. This obstruction was overcome 
by the simple extension of considering Z2 graded algebras whose generators are 
classified into two classes, even (bosonic) and odd (fermionic) and obey 

[even, even] = even, [even, odd] = odd, {odd, odd} = even. 

With every generator A in the graded Lie algebra we associate a number a = 

I ^-^ even define the graded commutator by 

I 1 if A IS odd ^ 

[A,B} = AB-{-lf''BA, 

which satisfies the graded Jacobi identity 

[A, [B, C}} + [B, [C, A}} + [C, [A, B}} = 0. 

Denote by QJ^ the fermionic generators where the index a transforms under 
the Lorentz group and the index i transforms under an internal algebra with 
generators Tr 

[TrjTg] = frstTt, [Pfj,,Tr] = 0, [Jfj_iy,Tr] = 0, 

By the Coleman-Mandula theorem we can set LJf to zero because it carries a 
Lorentz vector index. Without any loss in generality we can assume that 

satisfy the Majorana condition Q]^ = CafjQ ■ 
Using the Jacobi identity 

[V, [Jpa,Q],]] + [Jpa, [gy] + [Jpu,Jpa\] = 0, 

we deduce that {bn„)^ should form a representation of the Lorentz group and 
must be identified with 

From the identity 

[p^, + [p., [QL,p^]] + [Qi, = 0, 
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one deduces that 

^/3 



<-H, <-v_ 



= 0. But it is always possible to change (c^)^ to the 



form = c and this implies that c = 0. From the identity 



0, 



we deduce that and V^^ commute with all the generators. Finally from the 
identity 

we deduce that s = 0. Wc shall rcscalc the parameter r to 2. Summarizing the 
results we have the most general graded algebra which is an extension of the 
Poincare symmetery and consistent with unitarity: 

5.1 Irreducible representations of supersymmetry 

The Casimir operators are and W"^ where 

Since is a Casimir, all particles belonging to the same multiplet must have the 
same mass. Now introduce the fermion number (—1)^^ which acts on bosonic 
and fermionic states as follows 



(— 1) \boson) = \boson) 



{—1)^" \ fermion) 



\ fermion) 



which implies that 



(-lf-QL|.) = -QL(-lf"l-) 



For any finite dimensional representation we have 

Tr [i-lf^ {qIQ'''}) = Tr [{-if^ {Q^^Q"^ +Q'^QI) 

= Tr((-l)^-(7'')fP^) 

= Tr (-Qi (-1)"^^ q'^ + Qi i-lf^ q'^) = 0. 



From this we deduce that 



Tr 



((-1)"0 = ' 
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implying that the number of fermionic and bosonic degrees of freedom are iden- 
tical. 

The energy in supersymmetric theories is non-negative. To see this consider 

i i 
i 

Therefore E>Q. 

We would like to characterize the masslcss representations of supersymmctry: 
= 0, and we can choose = (^,0,0,^) . In this frame, and after setting 
the central charges and V^^ to zero, we get 

{QL. Q'p) = ^5^' in''C)^p - 2w5^^ ((70 + 73) C) 



/ 1 \ 





\ 1 y 



We therefore have one independent relation 

{(51, Qi} = -^E5''- From the 



relation Qa = CafjQ we have 

Q3 ~ Q2^> Q4 = ~Ql 
so we can write ^Q\, Qi^j = 'lw5^^ . Normalizing the Q\ we can finally write 

The subgroup of the Lorentz group leaving the state (w, 0, 0,w) invariant is 
Aos = 0, Aio = — A13, A20 = — A23 implying that the generators are 

Ti = Jio + Ji3, T2 = J20 + J23, J = Jl2- 

These obey the commutation relations 

[J, Ti] = T2, [J, T2] = -Ti, [Ti, Ta] = 0, 



[J,Qi] = lQ\, 



J,Qi 



Since Q\ and Q^^ form a Clifford algebra, they correspond to a set of N fermi 
creation operators Q^^ and A'' fermi annihilation operators Q\. The vacuum 
state is defined by |A) 

0, J|A) = A|A), 



qVqV---Qi'\>^)- 



A-^ 
2 



QfQf|A) = |A-l,[y]), 
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These form 2^ states falling into two classes. Each class has 2^"-'^ states ob- 
tained from I A) by acting with odd and even number of Q'-^ respectively. The 
2^ states have helicities ranging from Amax to Amax — • By the CPT theorem 
physical states must have both helicities A and —A present which implies that 
Amax — ^ = —Amax and therefore A^ax = "j- If this is not satisfied one must add 
the conjugate states where \[^^^^ = t ^ Amax and act on this state with Q^^. A 
massless non CPT conjugate multiplet has 2^+^ states. For gauge and matter 
theories Amax < 1 which implies that < 4. We can construct the following 
table: 





/ 


II 


III 


IV 


V 


VI 


A 


N = 1 


N = 2 


N = 1 


N = 2 


N = 3 


N = 4 


1 




1 




1 


1 


1 


i 

2 


1 


1 


1 + 1' 


2 


3 + 1 


4 





1 + 1 




2 + 2' 


1 + 1' 


3 + 3 


6 


i 

2 


1 


1' 


1 + 1' 


2 


1 + 3 


4 


-1 




1 




1 


1 


1 



The multiplets in cases I and II have Amax = 5, while in all the other cases 
Amax = 1- Case I corresponds to an A'' = 1 chiral multiplet with 2^+^ = 4 
states. Case II is A^ = 1 vector multiplet also with 2^+^ = 4 states. Case 
III is an AT = 2 vector multiplet with 2^+^ = 8 states. Case IV is an A^ = 2 
hypermultiplet with 2^+^ = 8 states. Finally case VI give the N = A vector 
multiplet with 2^ = 16 states as it is CPT self conjugate. The A = 3 in case V 
is identical to N = A because one must add the CPT conjugate states. 

Next we consider the situation where Amax — 2 which implies that N <8. All 
those multiplets will contain the graviton and will correspond to supergravity 
multiplets: 



A 


A^ = 1 


A = 2 


A^ = 3 


A = 4 


A^ = 5 


A = 6 


A^ = 7 


A^ = 8 


2 


1 


1 


1 


1 


1 


1 


1 


1 


2 


1 


2 


3 


4 


5 


6 


7+1 


8 


1 




1 


3 


6 


10+1 


15 


21 + 7 


28 


i 
2 






1 


4 


10+1 


20 + 1 


35 + 21 


56 











1 + 1 


5 + 5 


6 + 6 


35 + 35 


70 


i 
2 






1 


4 


1 + 10 


1 + 20 


21 + 35 


56 


-1 




1 


3 


6 


10+1 


15 


21 + 7 


28 


2 


1 


2 


3 


4 


5 


6 


7+1 


8 


-2 


1 


1 


1 


1 


1 


1 


1 


1 



Notice that N = 7 supergravity is identical to A' = 8 supergravity, so there 
are seven different supergravity theories. Only the field content of the first three 
supergravity theories is fixed uniquely. The simplest is A^ = 1 supergravity 
where only two fields are needed, the metric (graviton) and the gravitino ( 
Rarita-Schwinger) . 
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5.2 Supersymmetric field theories 

5.2.1 Lagrangian for chiral multiplet 

The Lagrangian for = 1 chiral multiplet {A, B, tp) is given by 

L = ^ {d^Adi'A + d^Bdi'B + iv^i^a^v) • 
The action is invariant under the supersymmetry transformations 

5 A = eip, SB = 675'!/', 

as can be easily verified. The supersymmetry parameter e is independent of the 
coordinates x^^ and supersymmetry is a global symmetry. 

5.2.2 Lagrangian for vector multiplet 

The vecor multiplet is given by {A^^, A) where A^ = A'p"" and A = AT'' which 
are Lie algebra valued: [T",r''] = if°''"^T'^. The Lagrangian which is valid in 
dimensions D = 4,6 and 10 is given by 

L = Tr (^-^F^.F'^-^ + '-Xr^'D^xj , 

where F = dA + = ^Fi^^dx" A dx", F^^ = F^^T"- and D^X = d^X + 
ig [Afj^, A] = D^A^T". The action is invariant under the supersymmetry trans- 
formations 

SA/j, = ieV^X, 
5X = iF^.T^^-'e. 

To verify supersymmetry one has to use Fierz identities for the fermions which 

are valid only in dimensions 4, 6 and 10. 

One can couple vector multiplets to chiral multiplets and have a generaliza- 
tion of the standard model. In the supersymmetric standard model it turned out 
that all known fields must have partners, e.g., the electron must have a bosonic 
partner, the s-electron, while gauge fields A^ will have as partners the gauginos 
A. As we have seen, the fermions in the standard model are chiral. The chirality 
condition cannot be satisfied for theories with more than iV = 1 supersymmetry. 
In other words, for supersymmetry to be of any relevance, the Lagrangian at 
low energies must have N = 1 supersymmetry. However, in the real world su- 
persymmetry is not present because no partners for the observed particles with 
the same mass are found, so it must be broken. One of the main advantages of 
supersymmetry is that it has good quantum behaviour, where divergencies in 
the renormalization of the bosonic fields are cancelled by those coming from the 
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fcrmions. To preserve good quantum behaviour, the symmetry must be broken 
spontaneously. The Higgs mechanism which is essential in the bosonic case must 
also be present here. The Goldstone phenomena where the scalar fields associ- 
ated with the broken generators are absorbed by the masslcss vector fields to 
become massive must be generalized. In this case the field associated with the 
broken supersymmetry generator, the Goldstino, must be absorbed by a mass- 
less vcctor-spinor field. In the discussion in the last section we have seen that 
this is the Rartia-Schwinger field. This implies that the supergravity multiplet 
must be coupled to the matter Lagrangian of the standard model in such a way 
that supersymmetry is broken spontaneously, so that the gravitino absorb one 
fermionic field to become massive. In supergravity the gravitational multiplet 
plays a role in the breaking of supersymmetry and this can be used to induce 
the clectrowcak breaking in the standard model. This is a novel phenomena as 
this implies that physics of the extremely weak gravitational field influences the 
low-energy sector. 

5.2.3 N=l supergravity Lagrangian 

The easiest way to construct the supergravity Lagrangian is to generalize the 
construction of the Einstein-Hilbert action based on gauging the Poincare alge- 
bra. Here we gauge the supersymmetry algebra instead. Let 

be the connection associated with the supersymmetry algebra. The curvature 
is easily computed to be 

where 

p ab f) , , ab , , ab , ac b , , ac b 

and the action of Jab on the spinor is represented by j7a5. To proceed one 
first impose the torsion free constraint 

T" = 

which can be solved to express u>^^ in terms of and tj)^ to obtain 

where a;^"''(e) is the same expression we had in the non-supersymmetric case, 
and indices are changed from flat to curved by using the vierbein e° and its 
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inverse e^. The supersymmetry transformations are given by 

K 

Hp 

The torsion constraint is not preserved under these transformations. We can 
preserve the torsion constraint by modifying the ^w^"'' accordingly. The result 
is ^ 

S'i^pab = -2^14 i^lp'^pv - ^Iplpi^p+'^lulppp) ■ 

The Lagrangian invariant under the supersymmetry transformations is given by 

e-'LsG = -\R + i^pl'""' (d, + i<'7ab) ^p 

The proof of invariance is simplified by using that eR = ^e'^"'"^ eabcde'^^e'lRp^'^'^ 
and by writing the varriation with respect to uj^^ in the form ^^^S'^j^^^ . Since 
Lo^^ appears linearly and quadratically one can easily see that, after integrating 
by parts, its varriation vanishes if the torsion vanishes and therefore there 

is no need to substitute the very complicated expression for This method 

is known as the 1.5 formalism and was used widely in the early formulations 
of supergravity because it drastically simplifies the proof of the supersymmetry 
invariance of the proposed actions. 



= 0, 

= (9. + J<V) e. 



6 Higher dimensional theories 

By matching the bosonic and fermionic degrees of freedom we shall determine 
what are the possible supersymmetric multiplets in all possible dimensions. First 
a masslcss vector field in D dimensions have D — 2 degrees of freedom as the Aa 
component does not propagate because it has no time derivatives in the action 
and one of the transverse components of Ai can be gauged away. For fermions 
a Dirac spinor has 2[~1 components, but in certain cases could be subjected 
to either the Weyl chirality condition or to the Majorana condition or both. 
The first step is to define the Clifford algebra in dimensions D. The Dirac 
gammas matrices where M = 0,1, ■ ■ ■ ,D — 1 will be 2\-~'\ x 2^~'^ matricess. 
In even dimensions we can define the gamma matrix Tu+i = ryF^F^ • • • r^~^ 
where (Fd+i)^ = 1 so that 77^ — (—1)"^* ~ 1 (modS), where s is the number of 
space- like coordinates and t the number of time like coordinates. For our con- 
siderations we will always take s = D—1 and t = 1. Therefore (Td+i)^ = 1 and 
one can always impose the Weyl condition TD+ii^± = ±V'±- No Weyl fermions 
can exist in odd dimensions. The Majorana condition ^ = Ctj} requires the 
existence of imaginary representations of the gamma matrices in D dimensions 
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so that r^* = -Cr^C-i. This is only possible in D = 2,3,4 (modS) . It is 
also possible to impose both the Weyl condition and the Majorana condition 
simultaneously only in D = 2 (modS) . Therefore a spinor A have 2^ x i = 2 
components in 4 dimensions as one imposes the Majorana condition. (Super- 
symmetric multiplets are always defined with respect to Majorana spinors so 
the Weyl condition can only be imposed in dimensions 2 (modS). The number 
of components for A in 5 dimensions is 4 while in 6 dimensions it is 2^ X i = 4 
components. In dimensions 7 and 8 it is 8 components. In dimension 9 it is 
16 (although in this case it is possible to modify the Majorana condition to 
reduce it to 8 components). In dimension 10 one can impose simultaneously the 
Weyl and Majorana conditions so that the number of independent components 
of A is 8. We notice that the number of independent components of Am and A 
match in D = 3, 4, 6 and 10 and this explains why the super Yang-Mills action 
is invariant under supersymmetry transformations only in those dimensions. In 
dimensions higher than 10 the number of independent fermionic components in- 
crease much faster than the number of independent components for the vectors 
Am and supersymmetric actions for the pure vector multiplet do not exist. This 
is to be expected because when these higher dimensional theories are analyzed 
as viewd in four-dimensions, they will correspond to vector miiltiplets with su- 
persymmetry higher than A'^ = 4 which is not possible from our analysis of the 
supersymmetry representations. 

To analyse supergravity theories in higher dimensions we must first deter- 
mine the number of independent degrees of freedom for the graviton. This is 
essentially a symmetric metric with ^^^^'^^^ components where the components 
goi do not propagate because they do not acquire second time derivatives. From 
the other components gij the D diffeomorphism parameters could be used to 
reduce the components to = (-^-^K-P-^) — l so essentially the physical 

degrees are those of a symmetric tracciless metric in (D — 2) dimensions. From 
the Rarita-Schwinger equation for a free field, F^^^dNtpp = 0, we can easily 
show by first contracting this equation with F^ and making the gauge choice 
F^Vm = that T^dNtpM = and d'^tpM = 0. Therefore tpM behaves like a 
massless vector with D — 2 spinor components and the condition F^SatV'm = 
eliminates one more spinor component to give finally {D — 3)2[~] x r where 
the reduction factor r is ^ if the Majorana condition is imposed, r is i if the 
Majorana- Weyl condition is imposed and r = 1 if no conditions are imposed. 
From this analysis it is easy to see that the supergravity multiplet in = 4 is 
the metric (or vierbein) and the gravitino ip^ as we have seen before. In five 
dimensions, the metric has 5 degrees of freedom while the gravitino has 8. A vec- 
tor field has 3 degrees of freedom so the number of fermionic and bosonic degrees 
match if we take the multiplet (e^, Afj,, tpfj,) . We can classify all possible theories 
in various dimensions, but it is easier to start with maximal supergravity which 
is TV = 8. 

6.1 N=l eleven dimensional supergravity 
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A spinor in 11 dimensions have 2[~1 x i = 16 degrees of freedom because the 
Majorana condition could be imposed. As viewed from 4 dimensions where 
a spinor have 2 degrees of freedom, this corresponds to a spinor with SO{8) 
symmetry, and according to the classification discussed before, this corresponds 
to a theory with N = 8 supersymmetry in four-dimensions. Therefore D = 11 is 
the highest dimensions where a supergravity theory could be constructed. Also 
in higher dimensions the number of fermionic degrees increase much faster than 
those of the metric and other bosonic fields. To determine the field content of 
the supergravity multiplet in = 1 we note that the metric has 44 degrees of 
freedom while the gravitino has 128. The difference is 84 degrees which must be 
present in other bosonic configuration. An antisymmetric tensor of rank p (a 

p-form ) has ^ p ^ degrees of freedon, which is equal to 84 when p = 3. 

We deduce that in the multiplet (e^, Amjvp, V'm) the bosonic and fermionic 
degrees of freedom match. This is a necessary but not sufficient condition to 

have a supc;rsynimetric multiplet and construct a supersymmetric action. This 
is indeed possible and the full supersymmetric Lagrangian is 



e 



2e-i 

1 



where 



Fmnpq — ^ {Om^npq — QnApqm + dpAQNM — OqAmnp) , 



- AB 

'■>M 



FpQRs = FpQus - Sil^^pTQRips]- 
The action is invariant under the supersymmetry transformations 

5^M = (om + is^^r^^ + ^ (r^«^^ - 8<5^rQ«^) Fpqus) e, 
3 

SAmnp = ■^eT[MNi'p]- 

A theory in higher dimensions can produce more complicated content in lower 
dimensions either by compactification or by dimensional reduction. In dimen- 
sional reduction one assumes that the fields are independent of the coordinates 
in a certain number of internal directions. The action then reduces to that of a 
lower dimensional theory with more fields. As an exmaple a metric in D dimen- 
sions reduces in d dimensions to a metric, {D — d) vectors and 
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scalars. A vector in D dimensions reduces in d dimensions to a vector and 
{D — d) scalars. 

6.2 N=l ten-dimensional Supergravity and Super Yang- 
Mills 

The super Yang-Mills action can be reduced from 10 dimensions to 4. The 
vector fields A^^ reduce in 4 dimensions to the vector A'^ and the 6 scalars A'^, 
Bf = j4f_^3, i = 4,5, 6. The spinors A- in 10 dimensions reduce to four spinors 
in 4 dimensions XaK, K = 1, • • • ,4. The reduced action takes the form 

1 = J d'^xTr (^^F^.F^""" + ^D^A^D^A^ + ^D^B^D^B^ 

+ \\K[c^KLA^+ll^!3]iLB^,\L\ 

+^ {[A,, A^f + [Bi, B^f + 2 [Ai, Bjf 

where a^xL (^kl ^ ^^^^ antisymmetric 4x4 matrices obeying SU{2) x 
SU{2) algebra. 

Of particular importance is TV = 1 siipcrgravity in 10 dimensions. The su- 
permultiplet consists of the vielbein , an antisymmetric field Bm n > ^ dilaton 
field (f), a gravitino tpM a-nd a spinor A. The supergravity action in ten dimensions 
can be obtained from the eleven dimensional action by dimensional reduction 
and consistent truncation. The eleven dimensional vierbcin gives in ten dimen- 
sions a vielbein, a vector and a scalar dilaton field. The antisymmetric field 
Amnp gives in ten dimensions antisymmetric tensors of ranks three and two. 
The gravitino in eleven dimensions give in ten dimensions two gravitinos and 
two spinors. A consistent truncation is to set the vector, the rank three an- 
tisymmetric tensor, one of the gravitinos and one of the spinors to zero. One 
can show that one of the two supcrsymmetries will be preserved by this trunca- 
tion leaving a theory with A'^ = 1 supcrsymmetry. The untruncated theory has 
N — 2 supersymmetry in ten dimensions. The N = 1 supergravity Lagrangian 
is given by 

+ -l=v^^r^r^^x (dNct> + DNct) 

where Hmnp = 35[mSjvp]. This action is invariant under the supersymmetry 
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transformations 

54) 
5Bmn 

Sx 

The main advantage of the N = 1 supergravity Lagrangian in ten dimensions 
is that it can be coupled to the ten-dimensional super Yang-Mills theory with 
an arbitrary gauge group. The main modification to the pure supergravity 
Lagrangian is that the field Hmnp is replaced with 

HmNP = HmNp — i^MNP, 

OJMNP = Tr ^A[m9jv^P) + I^^M^iV^P]) , 

where lumnp is the Chcrn-Simons form over the gauge Lie algebra. When 
higher derivative terms are allowed in the supergravity Lagrangian then the 
modifications to Hmnp will also include the Chern-Simons gravitational term. 
The field Hmnp satisfies the equation 

dH = tr {-F AF + RAR), 

where H is a, three-form, F is the gauge field strength two-form and R is the 
curvature tensor two-form. 

7 Further directions 

The topics considered so far in these lectures would enable us to study some 
very interesting questions in physics using results from mathematics. For lack 
of space, these directions will only be described briefly. The interested reader 
can pursue these problems in the literature. 

7.1 Index of Dirac operators 

Consider Dirac equation for a massless spinor in ten-dimensions 

j£»ioV' = = iT^DmiP = 0, 

= i{D4 + DK)^, 

where K is the internal 6 dimensional manifold. Let F^'*) = iFoFiF2F3 and 
FW = -iF4F5---F9 and F^^o) = FoFi-.-Fg. This implies that (F^)^ = 
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-ieF^VM, 

e'^ (ieFjjvfV'Af] 
V2 



- (^m'^'' - ^-^^r^^) Hnpq, 



(r(^))^ = (r(io))^ = 1 and r(io) = rWr(^). The Weyl condition on ferniions 
in ten-dimensions F^^^^i/; = ■0 is equivalent to T^'^^ip = F^^^^. Defining D4 = 
r(*)£>4 and Dk = F^^^Dx it is easy to see that one can diagonalize simultane- 
ously D4 and Dk- Let H = [iDk)^ and let if) be an eigenstate with energy E, 
Hip = Eip. As H commutes with F^^^ we have 

H{iDKi^) = E{iDKi}), 

so that V and ^'^^ degenerate in energy. On the other hand 

Dk (f(^^'V) = -r(^)i?if^, 

so that V' fi^nd Dk^I^ have opposite chiralitics with respect to F*^^^ and are 
therefore linearly independent, unless DkiI' = 0- For every state with F^^' = 1 
there is a state with F^^^ = —1 except for zero eigenvalues which do not have 
to be paired. The index of the Dirac operator is then defined by 

index {iDk) = n+ — n_ 

where n+ and n_ are, respectively, the number of zero eigenvalues with eigenval- 
ues F^^) = 1 and F^^^ = —1. In the absence of gauge fields the Dirac operator 
satisfies the properties 

(£>kV)* = DKr, (rW£>^v)* = -rW£>^v*- 

This is so because in six-dimensions the gamma matrices are real and F^^' is 
purely imaginary , and therefore complex conjugation exchanges n+ and n_ , so 
that n+ = n_ and the index is zero. In presence of gauge fields, and for spinors 
in some representation Q of the gauge group we have 

indexQ (iDk) = —indexq* (iDk) 

because complex conjugation exchanges the representation Q with its complex 
conjugate Q*, and this implies that the index is zero if the representation Q is 
real or pseudoreal. If Q is complex then the index is not necessarily zero. In 
terms of the gauge fields and the spin-connection of the underlying manifold the 
index of the Dirac operator can be computed to be 

indexQ {iDk) = ^-^ / (trQ (FaFaF)- ^trq (F) Atr{RA R)] . 

48 (27r) J \ o / 

One can apply this property to explain physical phenomena. We have seen that 
in the standard model of particle physics, there are three families of particles. 
In higher dimensional theories it is assumed that particles are in some large 
representation of a gauge group which is spontaneously broken and the four 
dimensional theory is obtained by compactification from the higher dimensional 
one. From the higher dimensional point of view all these particles are massless 
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as they acquire their sniaU masses (compared with the high energy scale of 
compactification) at a later stage. The number of massless families is then 
linked to the index of the Dirac operator on the internal manifold. Therefore 
we can write ^ 

indexQ {iDk) = -x{K) 

where x (K) is the Euler number of the internal manifold. To build a realistic 
model with three families one must choose the Euler number of the internal 
manifold to be 6. 

7.2 Holonomy and N=l supersymmetry 

At low-energies it is desirable to have a field theory with = 1 supersymme- 
try in four- dimensions. To have some unbroken supersymmetry, let Q be the 
supersymmetry generator annihilating the vacuum |0). This implies that 

(0|{Q,^}|0)=0, 

for all operators A. If A is bosonic then {Q, A} is fermionic, but (0| fermionic 
|0) = as a fermionic state has no expectation value. If A is fermionic then 
{Q,A} = 5A and the above relation implies that 5A = 0. In supergravity 
theories we have seen that the supersymmetry transformations of the gravitino 
and the other fermions are proportional to the other bosonic fields and the 
supersymmetry parmeter. For example, assuming that bosonic fields, except 
for the metric, are set to zero, the gravitino transformation is given by 

SiJjM = Dm^ = 0. 

But this is a Killing spinor equation and e is a covariantly constant spinor. This 
can be satisfied provided Killing spinors exist on the manifold. This also imply 
consistency conditions 

[DM,DN]e^O, 

or equivalently Rmn pq^^^ ( = 0. Multiplying by and using the property 

where T^^'^ is completely antisymmetric in the three indices, and using the 
Riemann identity Rm[npq] = o, we deduce that 

-RMQr^e = 0. 

Let us impose the constraint that the vacuum state of the ten-dimensional space 
is of the form x K where is a maximally symmetric four-dimensional 
space and is a compact six-dimensional manifold. In this case the consistency 
condition on the Riemann tensor does not admit deSitter or anti deSitter spaces 
as solutions because in this case 

T 
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which together with the consistency condition imphes that r = 0. 

Upon parallel transport around a contractible closed curve 7, a field / is 
transformed into U f where 



U = P exp^ J udx 

where w is the spin-connection of the n-dimensional internal manifold K. The 

SO{n) matrices U obtained this way always form a group H called the holonomy 
group. We can then ask ; Under what conditions the manifold K admits a 
spinor field e obeying DjC = ? A covariantly constant spinor e keeps its 
original value under parallel transport: Ue = e. As an example, let us consider 
compactifying ten-dimensional supergrravity to four dimensions. In this case the 
internal manifold K \s& dimensional. The subgroup of the 50(6) is isomorphic 
to SU (4) and the left-handed spinor obeying the above condition will be in the 
fundamental 4-representation. By an SU (4) rotation we can always transform 
e to the form 

/ \ 



V eo / 

and this is left invariant by the SU{3) subgroup. We can write the following 
decomposition 

SO{l, 9) ^ SO{l, 3) X SO{Q) ~ 5*0(1, 3) x SU{A), 
16 = (2, 4)0(2', 4) 

where we have decomposed a 16 dimensional spinor of 50(1,9) (the Lorentz 
group in ten dimensions) in terms of the four-dimensional spinors of 50(1,3) 
and the 4 and 4 spinor representations of 50(6). From these considerations we 
conclude that by requiring the manifold K to have SU (3) holonomy, the com- 
pactified theory will have N = 1 supersymmetry in four- dimensions. Therefore 
the question to ask now is: What sort of manifold K admits a metric with 
5t/(3) holonomy? 

If e is a covariantly constant spinor, then so would be the Kahlerian form 
kij = sTijE, the complex structure Jj = g^^'kij and the volume form ujijk = 
f^^ijk^- In six-dimensions, if the holonomy group is not 50(6) but U{2>) then at 
any point in K tangent vectors which transform as vectors of 50(6) decompose 
as 3 -I- 3 under i7(3). There is a unique matrix Jj acting on tangent vectors 
in the 3 and 3 representations. J defines an almost complex structure and is 
invariant under the holonomy group. Therefore it is covariantly constant and 
its derivatives vanish. A manifold of U{N) holonomy is complex and is also 
Kahler. If we ask whether it is possible to find a Kahler manifold with SU (N) 
holonomy instead of U{N) holonomy, then the answer lies in the Calabi-Yau 
conjecture. This states that a Kahler manifold of vanishing first Chern class 
admits a Kahler metric of SU{N) holonomy and this metric is unique. 



e = 
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7.3 Solutions of Einstein equations 

There arc advantages to deal with a supersymmetric system when solving Ein- 
stein equations resulting from a coupled gravitational system. This is done 
by embedding the bosonic system in a supergravity theory, whenever this is 
possible. One first starts with an ansatz for the metric dictated by the symme- 
try of the problem. The supersymmetry transformations depend on first order 
derivatives of the fields. Setting the supersymmetric transformations to zero 
and requiring that the solution preserve all or part of the supersymmetry, re- 
sults in a system of first order differential equations, in contrast to the second 
order differential equations which one have in the original bosonic system. This 
method has been very successful in finding new solutions for Einstein-coupled 
systems. To illustrate the power of this method we consider the foUwing model. 

Consider the coupling of gravity to a dilaton field cf) and an SU (2) Yang-Mills 
field A'^. described by the action 

^ = j {^-\R + \Md''4>-\e^'^ f;^f-^^ +^-e-^*^ ^d'x, 

where F^^, = d^A"^ — di,A^+ Eabc^^fi^v' ^■^d the dilaton potential can be viewed 
as an effective negative, position-dependent cosmological term A{(t)) = — ^e"^"^. 

We shall consider static, spherically symmetric, purely magnetic configura- 
tions of the bosonic fields, and for this we parameterize the fields as follows: 

ds^ = Na^df - ^ - r^de^ + sin^ V), 

a^A^dx^ = w {-a^ dO + sinOdip) + cosOdip, 

where A'', a, w, as well as the dilaton are functions of the radial coordinate 
r. The field equations, following from the action, read 

(rN)' + r'^Ncj)' '^ + U + r'^A{(j)) = 1, 

(aNr^cj)')' = aiU -r^A{(l))), 

{Nae^'l'w'y = ae^^w{w^ -1), 

a' = a{r(j)'^ + 2e^'f'w'^/r), 

where U = 26^*^ (Nw''^ + {w"^ — l)^/2r^). This is a system of second order 
differential equations which could not be solved. We now adopt the strategy 
of embedding this action into a supersymmetric action and use properties of 
supersymmetry to find a solution. 

The action of the N=4 gauged SU(2) xSU(2) supergravity includes a vierbein 
e^, four Majorana spin-3/2 fields V'^ = t/'^ (I = 1, . . .4), vector and pseudovec- 

tor non-Abelian gauge fields A^}^ " and A^^^ ° with independent gauge coupling 
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constants gi and 92, respectively, four Majorana spin-1/2 fields x = x'> the 
axion a and the dilaton </> . The bosonic part of the action reads 




2 



2 

2 " 



Here g'^ = gl+gl, the gauge field tensor F^t^ " = d^.A^J^ "'-dvA^^^ °'+gc Sabc ^ 
(there is no summation over s = 1,2), and ^FjfJ ° is the dual tensor. The dilaton 
potential can be viewed as an effective negative, position-dependent cosmolog- 
ical term A(0) = —^g"^ e"^"^. The ungauged version of the theory corresponds 
to the case where gi = 52 = 0. We consider the truncated theory specified by 
the conditions 32 = = 0. In addition, we require the vector field to be 

purely magnetic, which allows us to set the axion to zero. 

For a purely bosonic configuration, the supersymmetry transformation laws 

are 

6^, = e ( 5 p - i u,mn ct"^" + I a" A^) - ^ ^"""^/^^ > '"'^'^^^ '""^ '^"^ 

the variations of the bosonic fields being zero. In these formulas, e = are four 
Majorana spinor supersymmetry parameters, a" = afj are the SU(2) gauge 
group generators, and uipmn is the tetrad connection. 

The field configuration is supersymmetric, provided that there are non-trivial 
supersymmetry Killing spinors e for which the variations of the fcrmion fields 
vanish. Specifying to the above configuration and putting 6x = S-ip^ = 0, the 
supersymmetry constraints become a system of equations for the four spinors e'. 
The procedure which solves these equations is rather involved. The consistency 
of the algebraic constraints requires that the determinants of the corresponding 
coefficient matrices vanish and that the matrices commute with each other. 
These consistency conditions can be expressed by the following relations for the 
background: 

_ 2^ {w^ - If 

2 ^ 2r2 ^8 ' 



2 / 2 



rw = -2w;— 1 + 2e'^'^ 
8N 



with constant (f>Q. Under these conditions, the solution of the algebraic con- 
straints yields e in terms of only two independent functions of r. The remaining 
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differential constraint then uniquely specify these two functions up to two inte- 
gration constants, which finally corresponds to two unbroken supersymmetries. 
Introducing the new variables x = vP' and B? = ^r^e"^'^, the above equations 
become equivalent to one first order differential equation 

2xR + X - 1)4^ + (x + 1) i?" + (a: - 1)^ = 0. 

ax 

If R(x) is known, the radial dependence of the functions, x(r) and R{r), can be 
determined. Define the following substitution: 

dp 

where ^(p) is obtained from 

dp"^ 

The most general (up to reparametrizations) solution of this equation which 
ensures that i?^ > is ^(p) = — 21nsinh(p — po). This gives us the general 
solution. The metric is non-singular at the origin if only po = 0, in which case 

R^{p) = 2pcothp 1, 

sinh p 

one has i?2(p) = p^ + 0{p^) as p ^ 0, and R^{p) = 2p + 0(1) as p oo. The 
last step is to obtain r(s), which finally gives us a family of completely regular 
solutions of the Bogomolny equations: 

ds^ = 5^ {dt^ - dp-" - R\p){d'd^ + sin2 M^p^)) , 
R{p) 

sinhp' " 2R{py 

where < p < OC', and we have chosen 2(pQ = — In 2. The geometry described 
by the above line clement is everywhere rc;gular, the coordinates covering the 
whole space whose topology is . The geometry becomes flat at the origin, but 
asymptotically it is not flat, even though the cosmological term A{(j)) vanishes at 
inflnity. In the asymptotic region all curvature invariants tend to zero, however, 
not fast enough. The Schwarzschild metric functions for r — > oo are A'' oc In r and 
Na^ OC r^/41nr, the non- vanishing Weyl tensor invariant being ^'2 oc — l/6r^. 
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